The recent work of Gharib, Rambod, and Shariff ͓J. Fluid Mech. 360, 121 ͑1998͔͒ studied vortex rings formed by starting jets generated using a piston-cylinder mechanism. Their results showed that vortex rings generated from starting jets stop forming and pinch off from the generating jet for sufficiently large values of the piston stroke to diameter ratio (L/D), suggesting a maximization principle may exist for propulsion utilizing starting jets. The importance of vortex ring formation and pinch off to propulsion, however, rests on the relative contribution of the leading vortex ring and the trailing jet ͑which appears after pinch off͒ to the impulse supplied to the flow. To resolve the relative importance of the vortex ring and trailing jet for propulsion, a piston-cylinder mechanism attached to a force balance is used to investigate the impulse and thrust generated by starting jets for L/D ratios in the range 2-8. Two different velocity programs are used, providing two different L/D values beyond which pinch off is observed, in order to determine the effect of vortex ring pinch off. Measurements of the impulse associated with vortex ring formation show it to be much larger than that expected from the jet velocity alone and proportionally larger than that associated with a trailing jet for L/D large enough to observe pinch off. The latter result leads to a local maximum in the average thrust during a pulse near L/D values associated with vortex rings whose circulation has been maximized. These results are shown to be related to the nozzle exit over-pressure generated during vortex ring formation. The over-pressure is in turn shown to be associated with the acceleration of ambient fluid by vortex ring formation in the form of added and entrained mass.
I. INTRODUCTION
Starting jets can be described as a jet or pulse issuing into quiescent fluid. An interesting flow feature that has long been associated with starting jets is the vortex ring, the formation of which is due largely to the roll up of the jet shear layer as it is ejected ͑see Didden 1 ͒. Indeed, investigations of the formation and evolution of vortex rings produced by starting jets occupy a substantial body of recent literature ͑e.g., Didden, 1 Nitsche and Krasny, 2 Maxworthy, 3 Auerbach, 4 Glezer, 5 Glezer and Coles, 6 James and Madnia, 7 and the review by Shariff and Leonard 8 ͒. Nature, on the other hand, uses starting jets as a basic component in a remarkable variety of flows, ranging from jet pulses entering the human left ventricle to the pulsatile propulsion of aquatic creatures such as squid and salps. This apparent preference for unsteady jet flows in nature leaves one to question whether or not there is something utilitarian about the formation of vortex rings in starting jets over and above their current position in fluid mechanics as simple, yet rich, flow structures. Of particular interest to this investigation is the relationship between vortex ring formation and the impulse supplied to the flow by individual starting jets. A clear understanding of this relationship has application to pulsatile propulsion and synthetic jet flows, to name a few.
The idea that vortex ring formation might play a fundamental role in certain natural processes or be useful in mechanical devices was brought to the forefront by the recent work of Gharib, Rambod, and Shariff 9 ͑GRS͒. GRS used a piston-cylinder mechanism to generate starting jets by translating a piston of diameter D through a length L. For sufficiently small L/D ͑i.e., less than about 4͒, they observed individual vortex rings, as expected. For larger L/D, however, the leading vortex ring stopped entraining energy and circulation from the generating jet, resulting in a flow characterized by a leading vortex ring and a trailing jet. For such cases, the leading vortex ring is said to have ''pinched off'' from the generating jet. The value of the nondimensional, time-varying piston displacement, X(t)/D, at which pinch off occurred was dubbed the ''formation number,'' F. For the cases tested by GRS, F was found to be between 3.6 and 4.5, suggesting it has a relatively universal value. Later numerical work, however, showed that the formation number could be increased by steadily increasing the piston velocity, U p (t), during the stroke ͑Rosenfeld et al. 10 and Mohseni et al. 11 ͒, or by increasing the nozzle diameter during pulse ejection ͑Mohseni et al.
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͒. Rosenfeld et al. 10 also showed that blunting the jet velocity profile at the nozzle exit plane to a parabolic profile could reduce the formation number to approximately 1. Despite the susceptibility of vortex ring pinch off to manipulation, the existence of the formation number is still interesting in that it represents a maximization principle for a͒ vortex ring formation. ͑Indeed, the analysis by GRS and the later work by Mohseni and Gharib 12 firmly related vortex ring pinch off to the idea that beyond a certain point, the vortex generating mechanism was no longer able to supply energy consistent with the requirement that the vortex ring has maximal energy with respect to impulse-preserving, isovortical perturbations.͒ GRS were the first to recognize the practical significance of this maximization principle, suggesting it might imply optimal pulsing conditions for cardiac flows or for the pulsatile propulsion of certain aquatic creatures. While this suggestion at first seems intuitive, it relies on the assumption that the leading vortex ring in some sense dominates the flow. For example, in the case of propulsion it is known that even for L/DӷF, the trailing jet still contributes thrust. So, the hypothesis that vortex ring pinch off ͑and hence, the formation number͒ is significant for propulsion relies on the relative significance of the leading vortex ring to the trailing jet for generating impulse.
It is the primary goal of this investigation to address the relative significance of the leading vortex ring and trailing jet for propulsion. In particular, we wish to determine if vortex ring pinch off leads to an optimum in some propulsive quantity ͑such as impulse or thrust͒ and if so, what features of vortex ring formation are responsible for the propulsive benefit provided. These issues are approached experimentally by measuring the thrust and impulse generated by starting jets over a range of L/D for two piston velocity programs. The resulting flow is also characterized using digital particle image velocimetry ͑DPIV͒ and hotfilm measurements of the jet velocity.
II. EXPERIMENTAL SETUP
A layout schematic of the relevant features of the apparatus used to generate the starting jets for this experiment is shown in Fig. 1 . The basic system consists of two pistoncylinder arrangements ͑one oriented vertically and the other oriented horizontally͒ submerged in water and connected by a combination of PVC piping and a flexible hose. Because of the incompressibility of water, the floating piston in the horizontal cylinder follows the motion of the driver piston ͑ac-tuated by the servo motor͒, as indicated by the gray arrows in Fig. 1 . The horizontal cylinder is mounted to a force balance to measure the thrust and total impulse generated by the starting jets. The force balance was custom designed with a stiffness in the direction of the jet axis of 5.07ϫ10 5 N/m and a force resolution of better than 0.0098 N in the absence of any signal conditioning. To minimize the effect of the forming vortex ring's interaction with the nozzle on the force measurements, a sharp cone angle of 7°was used at the nozzle exit, as shown in Fig. 2 . Figure 2 also defines the cylindrical coordinate system used for this experiment and the jet exit velocity, u J (r,t).
The entire apparatus was mounted in a tank facility with dimensions of 37 3/4 in. ͑95.9 cm͒ by 33 3/4 in. ͑85.7 cm͒ by approximately 12 ft 31 in. ͑444.5 cm͒. The tank frame was steel and the walls were 3/4 in. glass for flow visualization purposes. The apparatus was rigidly fixed to the top of the tank with steel fixtures. The hatch marks in Fig. 1 indicate the portions of the apparatus that were, in some way, rigidly fixed to the tank. The entire apparatus was mounted at one end of the tank, making the minimum separation of the nozzle from any of the boundaries that of the distance between the nozzle center line and the free surface, namely 12.45 in. (31.6 cmϭ24.9D where Dϭ0.500 in. is the nozzle diameter͒.
A laser sheet and CCD were mounted as shown in Fig Gharib 13 and Raffel et al. 14 ͒. For DPIV measurements, the flow was seeded with neutrally buoyant, silver coated hollow glass spheres with diameters in the range of 20-50 m. The particles were illuminated with an Nd:YAG laser whose beam was formed into a 2-mm-thick sheet using a cylindrical lens. Recording the images on a 480ϫ768 CCD and using a window shifting algorithm ͑see Westerwheel et al. 15 ͒ to cross-correlate the images with a 32ϫ32 interrogation window at 50% overlap produced flow vector fields with a spatial resolution of 0.099D in x and 0.12D in r. This setup is nearly identical to that used by GRS, giving results accurate to within 1% in velocity and 3% in vorticity.
Hotfilm measurements of the jet velocity at the nozzle exit plane (xϭ0) were accomplished with a TSI 1231 W hotfilm probe using a TSI IFA-100 flow analyzer and a model 150 anemometer. The probe was placed at the jet center line and calibrated to the time-averaged flow rates, U J , produced by commanding the driver piston to move at several steady velocities, U s . From continuity, U J and U s are related by
where D p is the driver piston diameter. Here U J (t) is defined by
where A is the cross-sectional area of the nozzle exit and u J (r,t) is jet velocity at xϭ0 ͑see Fig. 2͒ . Fitting a curve to the results gave a calibration curve that fell within 2% of the known calibration values over the range of velocities observed in this investigation. An independent calibration for
was obtained using DPIV measurements of the timeaveraged center line velocity, u cl , for several steady commanded piston velocities. Fitting a curve to r v as a function of U J gave a calibration curve for r v that agreed with the calibration values to within 2% over the range of velocities considered in this investigation. These two calibration curves allowed determination of U J (t) and u cl (t) from the hotfilm measurements at xϭ0, rϭ0. ͓That the time-varying behavior of U J (t) could be determined for the velocity programs considered ͑see Fig. 3͒ from a steady-state calibration was confirmed by comparing the expected results from the calibration with those calculated from the model formulated by Atabek and Chang 16 for unsteady entrance pipe flow.͔
III. EXPERIMENTAL PARAMETERS
The functional form of U J (t) is called the velocity program for a starting jet. As noted earlier, the velocity program can have a significant effect on the formation number F, so this experiment utilized two classes of velocity programs for a range of L/D. Hotfilm anemometry measurements of the velocity programs for each L/D in each class ͑averaged over 20 realizations͒ are shown in Fig. 3 . The coordinates of Fig.  3 are t/t p and U J (t)/U, where U is the desired peak velocity of 1.03 m/s and t p is the pulse duration. The velocity programs in Fig. 3͑a͒ are primarily negative sloping in the sense that U J (t) is decreasing through the majority of the pulse, so this class of velocity programs is called the negative sloping ͑NS͒ ramps. Conversely, the velocity programs in Fig. 3͑b͒ are primarily positive sloping and are called the PS ramps. ͑Although the velocity programs do not collapse exactly for all L/D in each case due to a small amount of elasticity between the driver and floating pistons, the overall form of the velocity programs in each class is as desired.͒ Following Rosenfeld et al., 10 the Reynolds number for these velocity programs is defined as
where U max is the maximum U J achieved during a pulse. The measurements in Fig. 3 indicate that Re m was 13 000 to FIG. 3 . The velocity programs used to generate the starting jets: ͑a͒ negative sloping ͑NS͒ ramps, ͑b͒ positive sloping ͑PS͒ ramps.
within 10% for the NS and PS ramps. Finally, it follows from Eq. ͑2͒ that the stroke ratio for starting jets used in this experiment is given by
where L p is the displacement of the driver piston during a pulse. The last equality in Eq. ͑5͒ follows from continuity. The form of the NS and PS classes of velocity programs was chosen to take advantage of the effect observed by Rosenfeld et al. 10 that the formation number can be significantly increased by using a velocity program with a steadily increasing velocity. In particular, these velocity programs were designed so that the L/D for which a significant trailing jet appeared would be higher for the PS ramps than the NS ramps. This effect is illustrated graphically in Having established these two classes of velocity programs and their effect on vortex ring pinch off, the total impulse ͑time integral of the measured thrust͒ was measured for 25 pulses at each L/D of the velocity programs shown in Fig. 3 . The velocity programs for the NS and PS ramps were measured using hotfilm anemometry for 20 pulses before and after the force measurements were taken. Finally, DPIV measurements of the pinched-off vortex rings were made for 10 pulses with 2рL/Dр5 ͑both NS and PS ramps͒ where the downstream viewing area of the camera was 0.45Ͻx/D Ͻ5.25. The relatively large number of trials for each measurement allowed for ensemble averaging to reduce noise and other sources of variation. The error bars in the following results represent the standard deviation of the mean of the respective measurements, indicating the precision or repeatability of the results with this setup ͑the accuracy having been established by the accuracy of the measurement techniques and their calibration͒. A summary of the cases considered, including Reynolds numbers ͑⌫/͒ and formation numbers of the pinched-off vortex rings, is provided in Table I .
IV. IMPULSE AND THRUST MEASUREMENTS
Measurements of the total impulse per pulse were accomplished for each of the velocity programs depicted in Fig. 3 by calculating
where F FB is the force measured by the force balance. 17 The ensemble averages of the measurements for each case are shown in Fig. 5 . The solid reference lines in Fig. 5 are matched to the slopes of the first few points in each case (L/Dр3 for the NS ramps and L/Dр4 for the PS ramps͒. The dashed reference lines are matched to the slopes of the total impulse due to jet momentum flux, I U , at L/Dу4 for the NS ramps and L/Dу5 for the PS ramps. For this axisymmetric case, I U is given by
If in the nozzle, u J is assumed to be constant in a core region 0рrр␦ and parabolic for ␦рrрD/2 ͓following Prandtl ͑see Prandtl and Tietjens 18 ͔͒, then I U can be expressed entirely in terms of U J (t) and r v ͑␦ can be eliminated͒. 19 This idea was used to calculate I U from the hotfilm measurements of the velocity programs, thereby giving the slopes of the dashed lines shown in Fig. 5 . Comparison of this method for determining I U with the predictions of the model for unsteady pipe flow by Atabek and Chang 16 showed it to be accurate to within 5%. FIG . 5. Total impulse ͑per pulse͒ for the velocity programs depicted in Fig. 3 : ͑a͒ NS ramps, ͑b͒ PS ramps. Fig. 4 shows that the rate of increase of total impulse with L/D changes where a trailing jet becomes a significant part of the flow. This implies that vortex ring formation plays a significant role in determining the impulse of a starting jet. Indeed, for L/D Ͼ3 and L/DϾ4 of the NS and PS ramps, respectively, I increases at nearly the same rate as the impulse from a steady jet ͑shown by the dashed reference line for the slope of I U ). The difference in slopes between the solid and dashed reference lines therefore indicates the difference between a ''vortex ring-phase'' and ''jet-phase,'' demonstrating that a trailing jet contributes less to the total impulse per unit L/D than a comparable increase in the strength of a leading vortex ring.
While the total impulse measurements lend great insight into the relative importance of the leading vortex ring and trailing jet for generating impulse, it is helpful to account for the fact that the duration of the pulse increases with L/D. This is addressed by determining the average thrust during a pulse, F p , defined as
where t p is the pulse duration. Figure 6 Fig. 4 . These facts suggest a direct link between a maximum in F p /(AU max 2 ) and vortex ring pinch off. ͓The link is less pronounced for the NS ramps because the maximum is not as sharp as for the PS ramps, but it is clear that pinch off is associated with a sharp decrease in
is maximized by pulses near the conditions that generate vortex rings of maximum circulation without leaving a trailing jet. Stated differently, once the L/D of a pulse is large enough that the leading vortex ring has pinched off and a trailing jet is present, an additional increase in L/D will provide more impulse, but it takes proportionally more time to do it than if the additional fluid was actually added to the forming vortex ring.
Overall the impulse and thrust measurements directly indicate the importance of the formation of a leading vortex ring in starting jets for impulse and thrust generation, showing that a trailing jet plays a less important role for these quantities. In particular, the average thrust per pulse measurements demonstrate that a propulsive quantity maximized by formation of a vortex ring near the conditions of maximal circulation and a minimal trailing jet is F p /(AU max 2 ).
V. NOZZLE EXIT OVER-PRESSURE AND ITS CONNECTION TO VORTEX RING FORMATION
While the results of Sec. IV clearly answer the question of the importance of vortex ring formation and pinch off for the dynamic quantities I and F p /(AU max 2 ), the source of the benefit provided by vortex ring formation over that of the trailing jet is unclear. The difficulty lies in the fact that the standard model used for vortex ring formation is the slug model, which makes no distinction between the vortex ring and the trailing jet ͑see Krueger, 20 Shusser and Gharib, 21 Mohseni and Gharib
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͒. It is therefore necessary to consider a more accurate description of vortex ring formation in order to address the issue of the impulse benefit provided by the formation of a vortex ring.
Through a control volume analysis of the fluid region external to a piston-cylinder mechanism, it can be shown ͑with minimal assumptions͒ that the impulse, energy, and circulation injected into the flow by a starting jet are determined by a flux term and a contribution from over-pressure at the nozzle exit plane ͑nozzle exit over-pressure͒ ͑Krueger 20 ͒. Specifically, the result for impulse is
where I U (t) is defined in Eq. ͑7͒ and I p (t), called the pressure impulse, is defined by In Eq. ͑10͒, p ϱ is defined as the ambient pressure at (x,r) →(ϱ,0). The slug model, along with most of the literature on vortex rings, ignores the pressure contribution to vortex ring formation. Here it is demonstrated that the propulsive benefit provided by the vortex ring over that of the trailing jet is determined by nozzle exit over-pressure during vortex ring formation, which can be related to the acceleration of ambient fluid by the forming vortex ring.
A. The pressure contribution to impulse
Equation ͑9͒ gives the total pressure impulse per pulse as
where I is determined from the measurements of the total impulse and I U can be determined from the measurements of the jet velocity during a pulse. For the NS and PS ramp cases studied here, Eq. ͑11͒ gives the results shown in Fig. 7͑a͒ . The significance of the pressure contribution is illustrated in Fig. 7͑b͒ where the fraction of I contributed by I p is plotted. As before, the error bars represent the precision of the measurements. Figure 7͑a͒ shows that the pressure impulse increases with L/D for small L/D, but for sufficiently large L/D ͑i.e., L/DϾ3 for the NS ramps and L/DϾ4 for the PS ramps͒, the dependence of I p on L/D is very weak, showing a slight decline. Since a trailing jet does not become a significant part of the flow until L/DϾ3 for the NS ramps and L/DϾ4 for the PS ramps, it follows that the pressure impulse increases only as long as the vortex ring continues to develop. Indeed, the weak dependence of I p on L/D for larger L/D motivates the approximation I p (t)Ϸ0 for tϾt F , or more boldly, p(r,t)Ϸp ϱ for tϾt F where t F can be called the ''formation time'' and denotes the time during the pulse at which the circulation ͑eventually͒ entrained by the ring has been ejected. That is, nozzle exit over-pressure is ignored during the ejection of a trailing jet. Such an approximation makes sense physically as long as there is no sudden acceleration of the jet for tϾt F so that the trailing jet can be treated as a ''steady'' jet. Nearly all of the velocity programs studied exhibit this behavior. The only exception is the L/Dϭ6.0 case of the NS ramps where a second peak in the velocity program is observed around t/t p ϭ0.75 ͓see Fig. 3͑a͔͒ .
In addition to the observations drawn from Fig. 7͑a͒ , Fig.  7͑b͒ indicates that the pressure impulse makes a very significant contribution to the total impulse, reaching as much as 42% for the NS ramp at the lower L/D values. The slug model would, therefore, seriously underestimate the total impulse ͑especially for small L/D) since it ignores this pressure term. Figure 7͑b͒ also illustrates an important difference between the NS and PS ramps. While the trends for both velocity programs are similar ͑with the trend for the PS ramps being shifted to a higher L/D), the values of I p /I tend to be lower for the PS ramps. This difference is especially apparent for smaller L/D. Clearly the velocity program has a significant effect on the pressure impulse over and above its effect on the formation number. Similar observations can be made about F p /(AU max 2 ) from Fig. 6 , but the results for I p /I seem more enlightening. In particular, the values of I p /I at L/Dϭ2.0 are very nearly the same for the NS and PS ramps. This is because the velocity programs for NS and PS ramps are very similar at this small L/D ͑see Fig. 3͒ . Conversely, the differences in I p /I for the NS and PS cases at larger L/D must be related to the more gradual initiation of the PS ramps.
Returning to the above-mentioned approximation that I p (t)Ϸ0 for tϾt F , a quantitative test of this approximation can be made with a model of vortex ring pinch off appropriate for the cases studied here. Such model had been proposed by Shusser 22,23 as an extension of the ideas in Shusser and Gharib 21 to time-varying piston velocity programs. It is based on the hypothesis that vortex ring pinch off occurs when the ring velocity exceeds the jet velocity in the immediate vicinity of the ring. Using analytical approximations for the jet and ring velocity allows implicit determination of t F for a specified velocity program. Then the formation number is calculated as When no pinch off occurs, this model predicts L/DϭF so that L/DϪF is a measure of the nondimensional trailing jet length when F is calculated from Eq. ͑12͒. For the velocity programs used in this experiment, the model gives the values of L/DϪF shown in Fig. 8 . These results agree remarkably well with Fig. 4 in that a significant trailing jet ͑i.e., L/DϪFϾ0.5) is predicted for L/DϾ3 of the NS ramps and L/DϾ4 of the PS ramps, indicating the model gives a reliable t F for these velocity programs. ͑Unfortu-nately it was impossible to do a more precise comparison of the model predictions with the actual formation number since the time resolution of DPIV is insufficient to allow direct determination of the formation number for the NS and PS ramps.͒ Using the model proposed by Shusser 22 to determine t F and the above-noted approximation that I p (t)Ϸ0 for tϾt F , the impulse due to the trailing jet can be approximated as
With this approximation, the impulse contributed by the formation of the leading vortex ring alone is calculated as
Applying Eqs. ͑13͒ and ͑14͒ to the impulse measurements gives the results shown in Fig. 9 . Figure 9 also gives the impulse of the leading vortex ring determined from PIV measurements of the vorticity field, where, for axisymmetric flow, the impulse of the ring is given by
͑Lim and Nickels
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͒. In Eq. ͑15͒, is the fluid density, is the azimuthal component of vorticity, r is the radial coordinate ͑see Fig. 2͒ , and the integration is over the vorticity associated with the ring in a plane containing the nozzle centerline.
Two conclusions follow from a comparison of the approximated ring impulse shown in Fig. 9 with the total measured impulse I ͑plotted as the dashed reference line͒ and the ring impulse measured from PIV. First, the approximated ring impulse determined using Eqs. ͑14͒ and ͑13͒ starts to level off for L/DϾ3.0 for the NS ramps and L/DϾ4.0 for the PS ramps, as expected from vortex ring pinch off. Second, the approximated ring impulse agrees with the measured ring impulse to within 10% in all cases ͑for L/D Ͻ5.0) and 8% in most cases. The later result gives strong confirmation of the assumption that nozzle exit over-pressure adds a trivial amount of impulse after the vortex ring pinches off from the generating jet. Stated differently, the trailing jet can be approximated as a steady jet.
The apparent lack of nozzle exit over-pressure during the ejection of a trailing jet and the significant over-pressure provided during vortex ring formation indicates that the propulsive benefit provided by vortex ring formation is determined by nozzle exit over-pressure. The need for over-pressure is related to the acceleration of ambient fluid ͑i.e., the inertia of the ambient fluid͒ during the ejection of a starting jet, giving the jet something to push off of as it is ejected. This can be illustrated in a rather novel way by considering the entrained ambient fluid and added mass associated with an axistouching vortex ring.
B. The origin of nozzle exit over-pressure as expressed through added and entrained mass
Consider an isolated, axis-touching vortex ring as shown in the planar laser induced fluorescence ͑PLIF͒ image on the right in Fig. 10 . The flow associated with the vortex ring can be conceptually divided into three different masses of moving fluid, as illustrated schematically on the left in Fig. 10 . The first is the fluid ejected from the nozzle (m ejected ), shown as the dyed fluid in the PLIF image. The second is entrained fluid (m entrained ), which appears as dark bands in the PLIF image of the vortex ring in Fig. 10 . Entrained fluid, as defined here, is ambient fluid that has been entrained into the vortex ring bubble ͑defined as the dyed region of fluid, ‫ץ‬B) as the shear layer from the nozzle boundary layer rolls up into a ring near the nozzle exit ͑Didden 1 ͒. Entrained fluid moves downstream at the mean velocity of the ring. The third component of moving fluid is added mass ͑M͒, which is ambient fluid set into motion as the ring forms because some of the fluid in front of the jet must be accelerated out of the way when the starting jet is initiated and some ambient fluid must be brought in behind the ring to preserve continuity of the flow once it begins moving downstream. The illustration of this on the left in Fig. 10 is meant to convey the added mass associated with the motion of a completely formed vortex ring ͑i.e., the M associated with the vortex ring bubble ‫ץ‬B).
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For an isolated vortex ring, the momentum of these three components of the fluid motion completely account for the impulse required to generate the flow and hence, for the impulse ͑thrust͒ felt by the vortex ring generator. That is, it follows from hydrodynamics ͑see the Appendix͒ that the hydrodynamic impulse associated with an isolated vortex ring can be expressed as
where W is the velocity of the vortex ring, M is the added mass of the vortex bubble ‫ץ‬B, and m ejected and m entrained were defined earlier. For L/D sufficiently small so that no trailing jet is formed, I v also represents the total impulse in the flow, I, which by Eq. ͑11͒ is equivalent to I U ϩI p and by Newton's third law is equivalent to the total impulse measured by the force balance. Thus,
for an isolated vortex ring. To interpret Eq. ͑17͒, it is helpful to note that the momentum of the ejected fluid (m ejected W) is derived from the jet momentum, i.e., from I U , since the jet was comprised of this fluid. In fact, from experiments it follows that I U Ͼm ejected W for vortex rings with no trailing jet, 27 so none of m ejected W is contributed by I p . ͑The fact that I U Ͼm ejected W indicates that some of the jet momentum has been distributed to other components of the fluid motion, such as m entrained W.) Therefore, I p is only associated with (m entrained ϩM )W. Stated differently, I p contributes only to the acceleration of ambient fluid in the form of added and entrained mass from rest to a velocity of W. Because the contribution to I p from a trailing jet is negligible, this conclusion also holds if a trailing jet is present ͑even though the calculation of M is complicated by the presence of the trailing jet͒.
Taking these observations together with the previous discussion of the pressure impulse measurements demonstrates that the primary benefit of a leading vortex ring over a trailing jet for producing thrust or impulse is its mechanisms for moving and entraining ambient fluid. One contribution of this perspective is that it suggests modeling added and entrained mass contributions to the flow during ring development may provide a simple approach for analytical evaluation of I p (t). Such modeling would require extending the above-noted ideas to a developing ring ͑as opposed to a developed ring͒. A rudimentary model for the added mass contribution at pulse initiation was proposed by Krueger 20 where the shape of the starting jet at its initiation was approximated as a disk. Much more work is required, however, to account for entrainment and the growth of the ring during the rollup of the shear layer.
While the concepts of added and entrained mass add physical insight into the flow associated with the pressure impulse, the present data and analysis leave some unresolved issues. First, the above-presented data and analysis center on I p where what is actually of interest is I p (t). Some insight into I p (t) can be achieved by looking at I p as a function of L/D, but the precise development of pressure impulse as a function of time cannot be resolved by the present experimental setup since it only measures per-pulse quantities. Detailed knowledge of I p (t) would be useful for the abovedescribed modeling efforts as well as for illuminating the differences in I p /I between the NS and PS ramps. Second, the inequality I U Ͼm ejected W for vortex rings indicates that I U is also associated with M and m entrained . As a consequence, conclusions about entrainment or added mass cannot be made directly from I p . What is needed are direct measurements of m entrained and M, which are not available from the present experimental results. Despite these unresolved issues, the concepts of added and entrained mass clarify important points and motivate further analysis/modeling. 
VI. CONCLUSIONS
Our experimental studies show that a forming vortex ring contributes proportionally more impulse per unit L/D than a trailing jet, demonstrating the dominant role played by vortex rings for generating impulse and underscoring the importance of vortex ring pinch off. Normalizing the results by the pulse duration, t p , to determine the ͑normalized͒ average thrust during a pulse, F p /(AU max 2 ), showed that this propulsive quantity is optimized by starting jets at L/D just after pinch off is observed ͑although the optimum is less pronounced for the NS ramps͒, demonstrating that vortex ring pinch off represents an optimization principle for F p /(AU max 2 ). While more research is needed to determine the relevance of these results to pulsatile aquatic propulsion or cardiac flows, it is clear that they highlight the importance of vortex ring formation and pinch off for generating impulse, suggesting design strategies for pulsed-jet technologies whose primary goal is to impart impulse to the flow ͑such as synthetic jets͒.
The important role played by vortex ring formation in the thrust and impulse of starting jets was related to nozzle exit over-pressure. It was found that over-pressure supplied additional impulse only during vortex ring formation and provided essentially no effect during the ejection of a trailing jet. Furthermore, the pressure impulse contribution to the total impulse was found to be as much as 42% of the total impulse for cases involving isolated vortex rings. This leads to the conclusion that nozzle exit over-pressure must be included in models of vortex ring formation from a pistoncylinder mechanism, a point on which the slug model is wholly inadequate. Indeed, the slug model only appears to be valid during the ejection of a trailing jet.
The physics of the pressure impulse for vortex ring formation were related to the acceleration of ambient fluid in the form of added and entrained mass using a hydrodynamic analysis of a completely developed ring. While this analysis gives a nice perspective that may be useful in future modeling attempts for I p , it does not resolve the relative importance of the acceleration of entrained and added mass to I p . It also does not resolve how I p develops as a pulse is ejected. This is an important point worthy of further consideration, both for the purpose of designing pulsed jet devices and for modeling vortex ring formation. For instance, it is expected that more detailed information would shed light on to the difference in I p /I for the NS and PS ramps. For the moment, the authors hypothesize that this difference is related to added mass effects at pulse initiation, but measurements of I p as a function of time are needed to confirm this. In any case, it is hoped that this work has brought the importance of nozzle exit over-pressure and its relationship to vortex ring formation to the forefront of research in this area.
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APPENDIX: IMPULSE OF AN ISOLATED VORTEX RING
The hydrodynamic impulse, I v , of a vortex bound by a material surface ‫ץ‬B can be expressed as
where
and I a is the virtual momentum of the material surface ͑see Saffman, 28 Sec. 4.2͒. The physical meaning of I v is that it is the impulse that must be applied to the fluid to generate the flow. The virtual momentum, I a , is the impulse required to set a ͑massless͒ body in the shape of ‫ץ‬B in motion against the inertia of the fluid.
For a vortex ring, ‫ץ‬B is defined as the largest stream surface in the frame of reference moving with the ring velocity W that contains all of the ring vorticity. This is equivalent to the vortex bubble illustrated in Fig. 10 . Since the flow velocity on ‫ץ‬B in the frame moving with the ring is tangential to ‫ץ‬B, it follows from the vector identity and the incompressibility of the flow ͑i.e., ""uϭ0͒ that
where V B is the volume of the vortex ring bubble and x is aligned with the axis of the ring. ͓The vector identity ͑A3͒ is valid for any differentiable vector field u, where n is the out-ward unit normal to ‫ץ‬B ͑see Appendix B of Wu and Wu
29
͒.͔ For a thick cored ring ͑i.e., an axis-touching ring͒, B is simply connected and I a is given by
where M ϭV B is the added mass of the vortex bubble. [30] [31] [32] That is, is given by
where ϭW⌽ satisfies ٌ 2 ϭ0 with the boundary condition ‫ץ/ץ‬nϭW(x"n ) on ‫ץ‬B ͑see Sec. 5.1 of Saffman 28 ͒. Given that V B ϭV ejected ϩV entrained as illustrated by Fig. 10 , it follows that I v ϭ͑m ejected ϩm entrained ϩM ͒W, ͑A7͒
where m ejected and m entrained are the mass of the ejected fluid and the mass of the fluid entrained into the vortex bubble, respectively.
